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Abstract 

On a smoothly bounded domain C R^™ we consider a sequence 



in 

' . ' ' of positive solutions in H"^{^1) to the equation (— A)'"itfe — 

. AfcUfce'""'' subject to Dirichlet boundary conditions, where < — i- 0. 

Assuming that 

' A :— lim f Uk{—A)"^Ukdx < oo, 

we prove that A is an integer multiple of Ai := (2m — 1)! vol(5'^'"), the 
total Q-curvature of the standard 2m-dimensional sphere. 

^ ■ 1 Introduction 

o\ : 

■ Given a smoothly bounded domain il C M^™, suppose that for each k £ N we 

' have a smooth function > satisfying the equation 

Cn ■ (-A)"Mfc = AfcMfce""' in n (!) 

o . 

, with 

Uk = d^Uk = ... = 9™"^Ufc = on dQ, (2) 

where < — > as fc — oo. We assume that (uk) is bounded in H"'-{Vl). 
, Hence, after passing to a subsequence and integrating by parts we may assume 

\^ ' that as A: — > c» we have 

[ |V"Mfcpdx= [ Uk{-A)"'ukdx = Xk [ M^e^'dx^ A>0. (3) 
Jn Jq Jn 

Note that by eUiptic estimates the quantity 

,1/2 



■ / \W^"Uk\'dxf' ^ { f V \d"Uk\'dx) 

\a\—m 



defines a norm on the Beppo-Levi space H^{il) which is equivalent to the 
standard Sobolev norm. 



*The first author was supported by the ETH Research Grant no. ETH-02 08-2 and by the 
Italian FIRB Ideas "Analysis and beyond". 



1 



Generalising previous results by Adimurthi and Struwe [3], Adimurthi and 
Druet [1 and Robert and Struwe [TT], the first author proved in [5] the following 
theorem. 

Theorem 1 Let (uk) be a sequence of positive solutions to ([T]), ([3]) with < 
Afc — > as fc oo and satisfying ([3]) for some A > 0. Then sup^ u/c — >■ oo as 
fc — >■ oo and there exist a subsequence (uk) and sequences of points x^*'' — >■ x^"^^ € 
f2, 1 < i < I , for some integer I < CA, such that the following is true. 

For every 1 < i < I , letting > &e given by 

Afc(ri^V"'u^(4'^)e'""'("^") = 22"(2m - 1)! (4) 

and setting 

r;W(x) «,(4))K(4^' + r«x) - + log2, 

we have r^'"* — >■ 0, dist(a;[,*'' , 9ri)/r[*'' — ^ oo as k ^ oo, and 

ryW (x) ^ r;o(x) = log ^-j^ zri Cf^-^ (R^"^) as fc ^ oo. (5) 

Moreover, for i ^ j there holds 

— — ,., ^ -J' OO as k ^ oo. (6) 

In addition, with Rk{x) infi<i</ \x — there exists a constant C > 
such that there holds 

Afei?f '(a;)M^(a;)e™"'^(^) < C (7) 

uniformly for all x € fl, k € N. 

fmaZ;?/ Mfc ^ m C^^-\n\S), where S = {x^^), . . . 

We remark that the function 770 given by ([S]) satisfies the Q-curvature equa- 
tion 

(-A)'"7/o = (2m- l)!e2™* (8) 

and 

(2m - 1)! / e^^^^dx = / Qs^-dvolg . = (2m - 1)!|5'2"| =: Ai. (9) 

For a discussion of the geometric meaning of (|5]) we refer to |3] or to the intro- 
duction of [3- 

The purpose of this paper is to prove the following quantization result. 

Theorem 2 Under the hypothesis of Theorem{l\ we have A = /*Ai for some 
r e N\{0}. 
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The analogue of Theorem [5] was proven by O. Druet [S] in dimension 2 
(m = 1) and by the second author fni in dimension 4 (m = 2) in the case of the 
Navier boundary condition Uk — Aufc — on dil. Note that in the latter case 
the maximum principle implies that A.Uk < in Q whereas such an estimate is 
not available in the case of the Dirichlet boundary condition. 

Quantization results similar to Theorem[2]previously have also been obtained 
for concentrating sequences of solutions Uk to the Q-curvature equation 

(-A)™Ufe = Xke^"""" in ft C M^™. (10) 

In the case of the Navier boundary condition, assuming that — > and 

A lim / AfeC^^^^da; < oo, 

J. Wei [13] proved that when m = 2 and when H. is convex the quantity A 
is an integer multiple of Ai. Moreover concentration points are simple and 
isolated, in the sense that x*-*-* ^ x^^'' for i ^ j, and /* = / in the notation of 
Theorems [1] and [2] above. Robert and Wei [12] proved the analogous result for a 
general domain O and in the case of Dirichlet boundary conditions. In [3], the 
first author and Petrache generalized the result of Robert and Wei to arbitrary 
dimensions. 

Equation ([1]) is more difficult to deal with analytically than equation (TlUll : 
the analogous questions whether for a blowing up sequence of solutions to ([T]) 
the concentration points are isolated, simple and stay away from the boundary 
are still open, even in dimension 2. 

Our paper is organized as follows. In the next section we present the proof 
of Theorem [5] in the case when Q = Bn is a ball and each function Uk is radially 
symmetric. In Section [3] we prove the theorem in the general case. Some useful 
technical results are collected in the Appendix. The overall strategy of the proof 
is very similar to the approach followed in 13 , and some of the results in |T3] 
can be carried over almost literally to the present setting. Several key steps in 
the proof, however, require conceptually new ideas in the case when to > 3. 
These ideas also shed new light on the previous approaches in low dimensions 
and have a unifying feature. 

Throughout the paper the letter C denotes a generic constant independent 
of k which can change from line to line, or even within the same line. 

2 Proof of Theorem [2] in the radial case 

Let = Bfj = Bj^{0) and assume that each Uk is radially symmetric. By slight 
abuse of notation we write Uk{x) = Uk(r) if \x\ = r. In the notation of Theorem 
Uwe then have 1=1 and we can choose x^,^' = for every fc > 0. In fact, as 
shown in assertion P7)) of Lemma H] below, we have Uk{0) = maxji Uk- 

2.1 Strategy of the proof 

Set Ck := Xkule"'"^" and let 

Afe(r) := / ekdx, Nk{s,t) := Ak{t) - Ak{s) = / ekdx 
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as in [12 • We shall say that the property (Hg) is satisfied if there exist sequences 

4°' := < r^^' < 4^' < • ■ • < < 4^^ < ^ e N, 
such that the following holds: 

(He.i) linife^oo -fey = lim/c^oo -^jr = for 1 < j < 
(i?,,2) linifc^oo ""iXl = for 1 < J < £, L > 0, 
{Hi,3) linifc^oo Afc(4'^) = jAi for 1 < j < ^, 

liniL^oo linife^oo (iVfc(4'"'\ + ^^=(^4'^ 4'^)) = for 1 < j < 1 

For the proof of Theorem [2] we proceed via induction from the following two 
claims: {Hi) holds, and if (Hi) holds then either (Hi^i) holds as well, or 

Mm Nk{s['\R)=0. (11) 

By ^ and (iJ^.s) the induction terminates when £ > Letting io be the 
largest integer such that (Hig) holds, (Hig^^) and (ITT]) imply 

A= lim Ak{si^"^)+ lim A^fc(4'"\ i?) = 4Ai, 

and Theorem [2] in the radial case follows. 

2.2 Proof of (Hi) 

Let rfc > be defined as in Theorem [T] such that 

Aferf'w^(0)e™"'^(°) = 22"(2m- 1)!, 

and set 

Wk{x) := Ufc(0)(ufe(x) - M/c(0)) in Bj^. 

We have 

{-Arwk = \kUk{Q)uke'^< 

2 /n\ 2m ( IH ^^^^ — ) Wk 

Letting also 

(^k{r) ■■= I fkdx > Afc(r), 

J Br 

then by ([5]) of Theorem [1] and ([9]) clearly we have 
lim lim Ak{Lrk) = lim lim (Jk{Lrk) 

^ lim lim (2m -1)!/ e^™'"=da; = Ai. (12) 



For < t < i? let f/fc solve the equation 

A"gfc = A™«;fc in Bt 
with homogeneous Dirichlet boundary data 

9k = d^gk = ...= d'"J^^gk on dBt 
Then Lemma [52] in the Appendix gives the identity 



{^ird:^gk(t) = (13) 



similar to (20) in fTJ , where 

Ak{t) := I h - j tm(yk(tm)dtm ■ ■ -(112, (14) 

JQ Jo 

and where uj2m-i is the (2m — l)-dimensional volume of S"^™"^. 

Lemma 3 For every b < 2 we can find L — L{b) and ko — ko(b) such that for 
k > ko we have 

(-a.)'"gfe(t) > ^— ^ forLrk<t<R. (15) 



Proof. Noting that 

Ai 



W2m-i2"~i(m- 1)! 
from and together with the identity 



2'"(to- 1)!, 



/o Jo 2™-i(m-l)! 

we obtain the claim. □ 

These estimates now yield the following result analogous to Lemma 2.1 in 
[13] . Note, however, that the statement ([T7|) below in the present case no longer 
can simply be deduced from the maximum principle, as was the case in jl3| . In 
addition, the higher order nature of equation ([T]) requires substantial technical 
modifications of the approach used in [13] . 

Lemma 4 For any b < 2 there is L = L{b) and ko = ko{b) such that for k > ko 
there holds 

w'kit) < -\+tP{t) mBn\BLr„ (16) 
Wfe(i) < in Br, (17) 
Wk{t) < 61og(^)+C iuBr, (18) 

where P is a polynomial independent of k. In particular Uk is monotone de- 
creasing. For any e sjO, 1[ let Tk > be such that Uk{Tk) — £Ufc(0). Then we 
have 

lim ^ = (19) 
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and 

lim Kk{Tk) = lim (JkiTk) = Ai. (20) 
Proof. Fix ^ > and write wu — Qk + ^fc, where 

A^/ifc = in Bu and = d,gk = ... = d'^^-^gk = on 95*. 

Step 1. We claim that 

- f"-^ r^(t_^__r^^^(o )wr ■ (21) 

rn—l times m— 1 times 

Indeed, subtracting d^Wk{t) from both sides of (I^T|) we need to show 

ra—l times m — 1 times 

Using the boundary condition dlwk{t) — dlhk{t) for < j < m — 1, and 
observing that on the right-hand side the terms involving d]^Wk{t) cancel, we 
can replace Wk by hk and it suffices to prove 

-d:^hk{t) = t^-^ {t-\t-^---{t-\ K{t) y_j)^ -d^hkit). 

m — l times m — 1 times 

But A^hk = and radial symmetry imply that h{r) = X]i=o^ ctir'^^', so 




m — 1 times m—l times 



and ([21]) follows. 

Step 2. Inserting now (jTSj) into (|2T]) . for any given 6 < 2 we infer 

(-ir-4™-i {t-^{t-^ ■ ■ ■ {t-^ {w',{t) + ^))' ■■■))' 

m—l times m—l times (^^) 

= {-iy^-'d:^gk{t) + ^— < for Lrk<t< R, 

provided that we fix L = L{b) sufficiently large and then also choose k large 
enough. We now prove by induction over 1 < j < m that 

^,At) ■■= i-ir^'t-' {t-' {t-' ■ ■ ■ {t-' {w'kit) + ^) )'...)')' < (23) 

m—j times m— j times 

for Lrk < t < R, where Pj{t) > is a polynomial in t independent of k. The 
case j — I follows at once from (1^^ with Pi = 0. Using the Dirichlet boundary 
condition (which implies dlwk{R) — ioi 1 < j < m — 1) we get (pj^k{R) < Cj 
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for some constant Cj > 0, 2 < j < to. Observing that (p'j ^{t) = —tipj^i^kit) for 
2 < J < TO, we then obtam 

that is, ((23)) . For j — m we get 



w'kit) < + tP,nit), Lrk<t< R. 

Integrating once more, recalhng that L depends on b, and that Wk{Lrk) — > VoiL) 
as /c — > cx), for sufficiently large k we find 

wk{t) < Wk{LTk) - Mog (-^) + C < Mog (^) + C 

for Lrfe <t<R. For < i < Lrfe ([18]) already follows from Theorem [1] 
In order to prove (|17p. observe that implies 

{-d^)"'gkit) > for < i < i?. A: G N, 

and ^ yields 

(i"'(t"' • • • {t-' w'kit) )'■■■ )')' < 0. (24) 

m— 1 times m— 1 times 

In analogy with (|23l) . for 1 < j < 'ti we can show by induction that 
i'jAt) ■■= i-ir^^t-'^ it'\t-^ ■ ■ ■ (t^^ uj'kit) )'■■■ )')' < for ah < t < R. 

ra—j times ^f^—j times 

Indeed ■!/'i,fc(i) < by (j24p . while for 2 < j < to, we have 4'j.k{R) = thanks to 
the boundary condition. Hence 

iljjj.{t)=J^ ri}j^i{r)dr <0 for ah < t < i?, 

and the case j = m implies (jl7p . 

Step 3. In order to prove (|T^ . assume by contradiction that 

Tfc 

liminf — = L G [0, cx)[. 

fc-s-oo Tk 

Then from Theorem [T] for a suitable subsequence on the one hand we have 

Wfe(0)(Mfc(Tfe) - Mfc(O)) + log2 = '^fe(^^^ ^ log (tTl^) ^'^ ^ ^ 
But on the other hand, since Ufc(O) — >■ oo we also have that 
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as fc — CXI, a contradiction. 

It thus remains to prove (I^Hl) . Using ([T5|) and observing that 

(e ~ l)ul{0) < Wk{r) < for < r < Tk, 

from (|4]) for fc > fco we get 

Choosing now 6 < 2 such that m{e + 1)6 = 2m + e, and integrating over Bt^., 
we find 

Ai < hm Afe(Tfe) < hm (Tfe(Tfe) 

= Ai + lim lim / fkdx 



< Ai + C hm lim ^ / ( — 



da; 



k JBt^XBlt^ 



< Ai + — lim lim = Ai, 

e L— !-oc A:— >oo \Lrk-' 

hence (EOl). □ 



According to Lemma 2] we can now choose a sequence — > as — oo and 
corresponding numbers Sk = Tk{sk) such that Uk{sk) — > oo as fc — > oo and 

lim — = 0, lim Afc(sfc) = Ai, lim lim Nk{Lrk,Sk) = 0. (25) 
Observing that Theorem [1] implies limfe^oc "m|.^o)°^ ~ ^ ^'^^^T ^ > 0, we get 

lim Jf^^ = lirn = 0, for aU L > 0. (26) 

fc-s-cx3 Uk[Lrk) fc-i>oo Ufe(O) 



We also claim that 



lim lim Nk{sk,Lsk) = 0. (27) 

L— >oo fc— >oo 



To see this, remember that for < s < t < i? 



Now set 



Nkis,t)= I ekdx = uj2m-i I \kr^"'''ule"'<dr. 

'Bt\Bs 



Pk{t) := t^Nk{3,t) = t f ekda = C^2m-lAfct2'"?/2(i)gmu?(t). 



Using the monotonicity of Uk that we proved in Lcmma[?]we immediately obtain 
the estimate 

Pfc(t) = Cw2m-iAfcM^(i)e"™'(*) / r^"'~'dr<CNkit/2,t)<CPkit/2) (28) 

Jt/2 
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analogous to (26) in hence we also conclude that 

Nk{t, 2t) < CNkit/2, t) for t e [0, R/2]. (29) 
Now jSni) and (HH) imply that for any M £ N 

\im Nki2^'-hk,2^'sk) < C lim Nk{2^'-hk,s^'~hk) 

k^oo k^oo 

< ■■■<Cm lim Nk{sk/2,Sk) = 0. 

Therefore if 2^' > L we have 

M 

lim Nk{sk,Lsk) <yNk{2^-hk,23sk) = 0, 

as claimed. 

Setting r'j^^ :— r^, sj,^-* := and taking into account (1251) - ([27| and Theorem 
[T]we see that the property (Hi) is satisfied. 

2.3 The inductive step 

We now assume that {H() holds for some integer £ > 1 and fix numbers 

such that (i?£,i), (Hi^2), {He,3) and {Hi, 4) hold true. To complete the proof 
of Theorem [2] it suffices to show that either (Hi^i) or (llip holds. The proof 
requires the following analogue of (29) in [13j. 

Lemma 5 There is a constant Co — Cq{A) such that for tk > s^^^ there holds 
N,{si'\t,) < ^ + CoNi{si'\t,)+o{l), (30) 
with error o(l) ^0 as k 00 

Proof. For s = s, < t we integrate by parts to obtain 



Nk{s,t) = u:2m-i J r^^-^\kule^<dr 

= Xu^^ir^'^ule-^)^ - f A,r2"(2ufc + 2mul)u',e'-< dr 

Zm Zm J g 

< ^ - r A,r2™ ( 1 + ui\ ^y^'e^^dr. 



2m ^'""V, " Vm ' Vufc(O) 

(31) 

Define (t) as in the beginning of the proof of Lemma |H Then ([T^ and (PT|) 
imply 



{t-\t-^---{t-\ w',{t) y_j)^ = [-ly 

rn—1 times m— 1 times 
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where Ak is as in (|14p . Integrating this relation m — 1 times from t to R, and 
using the Dirichlet boundary condition dlwk{R) = for 1 < j < m- — 1 we get 



hence 



^2 • • • / 4m_3C'*m-l ' ' ' dti, 



"kV^) — 7n\ ~ * — 7?A / *1 / ^2 ■ ■ • / -4;;j3; 



More explicitly, 



.4m-3 



tm-l pPm-2 

Pi - ■ ■ / Pm-lTk{Pm-l^t)dpm-l ■ ■ ■ dpi dt,n-l ' ' ' dti, 

where 

We now show that / can be bounded in terms of Nk{s,t) up to a smaU error. 
From this the desired inequality pOD will be immediate. Split 

I =: 11 + III, 

where // corresponds to pm-i < t. Since u'j, < 0, for p < t we have 



(32) 



< / AfeUfe(sKe""^da; + 7Vfc(s,p) <7Vfe(s,0+o(l) 



with error o(l) ^> as fc — > cx^. Here we used that for arbitrary L > 1 we can 
bound 



and by {He^2), {Hi^a) the latter tends to 0, if first k oo and then L oo. 
Since 



1 



Pm-2 



t / h--- Am -3 / Pi---/ p,n-ldpm-l ■ ■ ■ dti < C 

uniformly in t, we conclude that 

II <CNkis,t)+oil). 
In order to obtain a similar bound for ///, for t < p we estimate 

Uk{t)(7k{p) Uk{t) f , , . X , ,^ 
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Recalling ([5^ . we have 

AfeK(p) + l)wfee™"'c;a; < Tk{p, p) + o(l) < Nk{s,p) + o(l). 



IB, 

Also note that by Holder's inequality we can estimate 

rP 



\ukit) - Ukip)\ < \u'k{r)\dr < ||Vufc|U2„.(log|) 
Thus, with a constant C ~ C{A) for alH < p we obtain 

tUk{t) t ( Uk{t) - Uk{p) , Uk{p) 



p{uk{p) + l) p\ Uk{p) + l Uk{p) + l 

< -f C(logp +lj < C 



(33) 



and with Ci = Ci(A) we can bound 

t 



Tk{p,t) < CiNkis,p)+o{l). 
P 



It follows that 



III = t^ I h t2--- 



I - I , , -t4m-3 

ntm-l /■Pm-2 



P^" ' J Pm-lTk{Pm~l,t)dpm-l ■ ■ ■ dpi dtm-l ■ ■ ■ dti 



f-R j-R 

= t I u h--- 



I , , j-4m-3 

ti ^2m-ltm-l 

Pl ■ ■ • / Pm-l Tk{pm-l,t)dpm-l- ■ ■ dpi dtm-1- ■ ■ dti 

Jt Pva-l 

rR. rR. rR. ^ 

<Git h t,--- „ 

P^"' J Pii-l{^k{s,Pm-l) + 0{l))dpm~l ' ■ ■ dti. 

For any L > 1 we split the integral with respect to ti and use the obvious 
inequality Nk{s, Pm-i) < 2A for large k to estimate 



(•Lt i-R. i-R. 

Ill < Cit I h t2 h 



1 



Pi-- - / p^,^_i{Nk{s,Prn-l) + o{X))dpm-l---dti 

pR pR pR 

2CiAt / h h 

J Lt Jti Jt2 -'tm-2 '^2m-ll„i_i 

rtm-i rPm-2 
X Pi-- - I Pm-ldpni-l - --dti+ o(l) 
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Observing the uniform bound 



1 



Pm-2 







with a constant C2 — C2 (A) we obtain 

III<C,t / t, t, t,--- / „ 

/tm-l t'Pm-2 
Pi-- - j pl^_i{Nk{s, Prn-l) + o(l))dp,„_i ■■■dti 

C2A 
+ — +0(1) 

To proceed we successively spht the integral also with respect to t2, ■ ■ ■ ,tr, 
and use the uniform bounds 

/•Lt I'Lt POO POO Y 

Jo Jo J Lt Jtm-2 ^2m-l'^rn~l 

X Pi--- Pm-ldPm-l ■■ - dtj <C 

Jo Jo 



for 2 < j < m to estimate 

pLt pLt pR rR 
III < Cit / h t2 h 



- I - I , , .4m-3 

tl Jt2 Jt^-2 ^2m-l''m-l 

/tm-l t'Pm-2 
Pi--- j Pli-l{^k{s,P„i-l) + o{l))dpm-l ■■■dti 

I'Lt pR. pR pR. 

+ 2CiAt / t, t2 h--- 

Jt J Lt Jt2 Jt„t^2 '^2m-ir„i„i 

Pi--- j pl,^idp,r^^i ■ ■ ■ dti + -J— + o{l) 

nLt pLt nLt pLt -j^ 
<---<Clt h t2 h--- 

Jt Jti Jt2 ^2m~l'^rn-l 

/tm-l l-Pm-2 
Pi--- j Pli~i{^k{s, Lt) + o{l))dpm-i ---dti 

+ 2CiAt / tr t2 i3 • • • / 

Jt Jti Jt2 J Lt W2m-ltm-l 

X / Pi--- [ pl^_idpm-i ■■ ■dti + ^"'"^^ -I- 0(1) 



Jt Jt 

<C„iVfc(s,it) + ^ + o(l), 



L 



with constants Cj = Cj(A), 2 < j < m. Using (j27p in case t < 2s and (|28p 
case i > 2s we get 

Nk{s,Lt) <CiL)Nk{s,t)+o{l), 
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and with the constant Cm+i = ~ C„i+i(A) there results 

-tw',{t)^ < CiL,A)N,{s,t) + +0(1). 
Inserting this into (I5T]) we infer 

Nk{s,t) < — W2,„-i / Afer hitfc — TT^w^e "dr 

2m \m / Uk\0) 

- ^ + {ciL,A)Nk{s,t) + ^^)Nk{s,t)+o{l). (34) 
Choosing L — 2Cm+i we finally get (1501 for an appropriate Co = Co (A). □ 



Lemma 6 Let Cq = Co (A) be the constant appearing in (|30|) . If for some 

4- 



tk G]sI^\ R] there holds 



< lim Nk{si^\tk) =: a < (35) 

(^) 

lim ^ = 0, liminf Pfe(<fe) > and lim lim Nk{s[^\tk/L) = 0. 

Proof. Assume that for some e]s[f , i?] we have ((35)) . Since the same reasoning 
as in the proof of (P7)) also yields that 



lim lim Nk{s[!\Lsi^^) = 0, 

L— ^oo A;— J-oo 

necessarily s^^^ /tk — )■ as A; -> oo. Moreover, ([50)1 yields 

[Nk{s^^\tu) ~ C^Nl{s'i\tk)) 



lim inf '^"^ > lim 

k—^oo 771 /e— >oo 





> lim 

as claimed. Now we show that 



(36) 



lim lim Nk{s'-^\tu/L)^{). (37) 



Indeed, if we assume 



mil iiiiinupiv/cV" 

we have 



lim limsupiVfc(s^ ',tfc/i:) = P > Q, 



f <iVfe(.f,t,/L)<7Vfe(.f,tfe)<^ 

for any L > 1 and sufficiently large k. Therefore we can apply (|5S)) with tk/L 
instead of tk for any i > 1 to get 

lim Pkitk/L) > 
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Then ^ yields 

C lim Nk{tk/{2L),tk/L) > lim Pk{tk/L) > — ^. 

Choosing L = 2^ and summing over j ior < j < M — 1, we get 

mMB 

C hm Afc(tfe) > C hm iVfe(2"*^tfc, tfc) > — -— ^ oo as Af ^ oo, 

which contradicts ([3]). Therefore ([57]) is proven. □ 
Suppose now that for some tk> s]^' there holds 

limsupA^fc(sf ,tfc) > 0. 

We then want to show that (iJ^+i) holds. We can choose numbers r^'^^ G]s[f , tk [ 
such that for a subsequence there holds 

0< limiVfc(4^\r(^+i))<-^, (38) 

where Co is as in Lemma [Bl Observe that Lemma [5] then implies 



Mm 1 1 T-n A/. I 

and 



hm ^ = lim lim Nk{s'-^\r)!+'^ / L) = 0, (39) 

fc— voo L— >-oo A;— ^oo 



lim Pfe(4'+'') > 0. (40) 

A;— >c» 

Proposition 7 t^e /ia?;e 

:=u,(ri^+^))(.,(4^+^).)-.,(rr^))) ^,(^+1) 

m Cj^™^"'^(R^'"\{0}). Moreover, for a suitable constant c'--^^^^ the function 
^(^+1) ^(£+1) + ^(£+1) satjs/^es 

(-A)"7?^^+^^ = (2m - l)!e2"''o'+'\ / (2m - ly.e'^"''^''*'' dx = Ai. 

The above proposition, which will be proven in the following section, implies 
that 



lim lim Nkirl'^'>/L,Lr',^^'>) = Ai; 



hence yields 



hm lim Nkis^i\Lri'+'^) 

= hm lim 7Vfe(4'\ri'+^Vi)+ 1™ lim iVfe(4'+^Vi, ^4'^'^) (^1) 
= + Ai = Ai. 
Then the inductive hypothesis (iJ^.s) gives 

lim lim Afc(L4'+i)) = lim lim (a,(4')) + iVfc(4'\ Lr^'+i')) 
= (£+l)Ai. 
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Now set ■w'^^^\x) = Uk{r';!'^^^){ukix) - Uk{r''^~^^'')) so that 

Similar to Lemma 2] and with the same proof (except that instead of Theorem 
[T]one needs to use Proposition [7]) we have 

Lemma 8 For any < e < 1, letting Tlf^^^\e) > be such that UkiT^^'^^^) 
£Uk{r^j^^^^), we have 

hm 7V,(4^\rf+^))^Ai. (42) 
Moreover r^^^^^^ /tI.^'^^^ as k ^ oo. 



According to Lemma H] and (|4ip we can choose numbers — > and a 

3Si 

and 



subsequence so that for s^^^^' := Tjf^^\ek) we have Uk{sf^^^) — > oo as fc — ;> oo 



while 

lim Afe(4'+'^) = (^+ l)Ai, hm hm NkiLri'+'\ s'-^+'^) = 0. 

fc— ^oo L— >-oo fc— )-oo 

Again reasoning as in the proof of ([Tf)) we also infer 

hm iVfc(s^^+^\ Ls[f+^') = for every L > 1. 

Finally, observe that the definition of sl^^^-* implies that 



u.iLrr') 



lim , = for every L> 0. 



Together with ([M]) this completes the proof of (Hi^i), and hence of Theoremj^] 
in the radially symmetric case. 

2.4 Proof of Proposition [7] 

As preparation for the proof of Proposition[7]we need the following two lemmas. 



Lemma 9 For r'^i^^^'^ as above, we have 



Proof. We write — f^^^^''- Moreover, we consider only the case m > 1, the 
case m = 1 being considerably easier. As in the proof of Lemma 3.2 in [T3] we 
have 

{~/^rvk{x) = Afer2"ufe(r,x)e"^'('^'=^) =: gk{x) > 0, 
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with gk — > in ij^^(R^™\{0}). By scaling and Sobolev's embedding we also 
have 

I|v"V-||l^(b„/.j = l|v™7.fe|U.(B„) < c. 

Set Wk ■= Awfe. Then a subsequence Wk ^ w weakly in and in 

^2m-3,aj.jg2m ^ |q|) f^j. g^j^g function w € L™(R2™) with V"^-^w e L2(R2"). 
Clearly A™^^w = in M^™\{0}. In fact, since the point x — has vanishing 
iJ^-capacity, as in [T3] we have A™^^u> = in R^'". Recalling that w e 
L'"(R^™) we conclude that w = 0; see Lemmas and [Ml in the appendix. 

Recalling that (Avk) is bounded in L™(IR^™) and noting the condition 
i'fe(l) = 0, from standard elliptic estimates we infer that (vk) is bounded in 
W^'"^{Bi). Hence a subsequence Vk ^ v weakly in W'^'"^{Bi) and in (72m-i,a 
away from x — 0. We then have Av — and v{l) = 0, therefore w = on Si. 

By elliptic estimates, from and the condition Vk{l) = we also infer that 
(vk) is bounded in Wj^'"(M2™). Therefore, we also have that Vk ^ v weakly in 
^2,m(.j^2m-) ^2rn-i,a ^^2rn \ |Qj.)^ ^-^^^ ^ q gy unique Continuation 

it follows that v = Q. This completes the proof. □ 



Lemma 10 For any L > there exists kg — ka{L) such that for all k > ko and 
any 1 < j < 2m — 1 there holds 



Ukirr') \V'uk\dx<CiLr): 

Proof. The proof is identical to the proof of Lemma 6 in [8 , using Lemma [S] 
above instead of Lemma 3 in [5] . □ 

Proof of Proposition^ For simplicity of notation, we now drop the index 

Step 1. We claim that ijk — > 77 in C'j^'"^^'"(R^™\{0}) for some smooth function 
77. For any L > 1 let 0,^ '■= SL(0)\i?i/L(0). Recall that by Lemma|9]we have 
Uk{x) :— "fjp^^)^ ~^ 1 uniformly on $7^ as fc — > 00. Thus by ([7]) with error 
0(1) — > as fc — > cxD we have 



(44) 



< (-A)™77fe(x) = Afcr2'"zi2(^^)^^(^)g-n=Jr,.) 

< (2.2™ + o(l))Afe(rfe 1x1)2" 'a2(rfex)e'""'('^^^) < CL^™ + o(l). 

Split r]k = hk + Ik on fl2L, where 

A"/ife = on n2L: and Ik ^ Ah ^ . . . ^ A"'-Hk = on 9^2^. 

Since \\A"^rik\\L°°{n2L) ^ d — C'(i), by elliptic estimates we get that Ik — > I in 
C2'"~i'"(rj2L). Together with Lemma [JO] this implies 

l|V/ife||Li(n,^) < llVZfclUno,^) + W'^mh^n,^) < c. 

Moreover, since rjk — on dBi{0), we have 

\hk\ = \lk\<C on9Si(0). (45) 
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Then, from a Poincare- type inequality, we easily get ||/ifc|lLi(02i,) — ^- By virtue 
of Proposition [5TJ we infer that 

WhkWcHUL) < C'i for every j e N. 
Hence a subsequence hk ^ h smoothly on 57^, and 

r^k^rj:=h + l in ^^"-^^"(riL), 

proving our claim. 



Step 2. With Ukix) := "^j^^ as above, from gH) we get 



(46) 



where by (j40p we may assume 

Since Ufc — > 1 locally uniformly on R^™\{0} we may pass to the limit /c — >■ cx) in 
to see that 77 solves the equation 

(-A)™77 = /ioe^™'' on R2™\{0} (47) 

in the distribution sense. In fact, we now show that (|T7|) holds on all of M^™. 
Note that by Step 1 for any L > 1 we have 

e^^^dx lim f ule"'^'^''+^'>'"' dx 



Or 



= lim / fij^^Uki-Ay^rikdx 

< ^Q^liminf / Uk{—A)^Ukdx<^^^A. 



As L — cx), by Fatou's lemma, we get e^'"'' G L^(R^™). Moreover 77 > on 
hence 77 e LP{Bi) for every p G [l,oo[. Also note that (— A)™?/^ > and that 
from (1321) we can bound 



lim sup / {~A)™'rik dx 

= limsup / XkUk{rk)uke"^'^^''dx < limswp Nk{sf\rk/ L) 



as L — > 00. Since by Lemma S] we have Ufc > 1, 77^ > on from and 
(1^5]) we also find that 

limsup / r;^ da; — ^ as L — 7- 00 . (49) 
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By (gT]) and (gS]) for any test function ip e C(f (M^™) we now obtain 
/ ((-A)'"77-^oe^""')(pdx = lim / {~A)"'TjipTL dx 

r (50) 

= lim liminf / ((-A)™?7 - (-A)"r;fc)v3ri da;, 

where for L G N we let TL(a;) — t(Lx) with a fixed cut-off function r e C^{B2) 
such that < r < 1 and t = 1 in But by Step 1 for any L > 1 we have 

hminf / ((-A)™/; - (-A)™77fe)<^Ti dx 

= liminf / (?7 - 77fc)((-A)"(^)rL dx, 



and since rj E L^{Bi) and on account of the latter converges to as L — oo 
for any fixed Lp G C5^(M^™). From ([50)) we thus see that ry solves (|T7|) in the 
distribution sense on M^™. By elliptic estimates, 77 is smooth on all of K^™; see 
for instance [7], Corollary 8. The function 770 ^+ 2^ log (2m- 1)! satisfies 

(-A)™7yo = (2m - l)!e2"''" in K^™^ /" e^^^orfa; < 00. (51) 

Solutions to (ISTl) have been classified in [7], where it was shown that either 

(i) rio{x) = log i^^ i ^'^^^^p for some cr > 0, xq G M^™, or 

(ii) TO > 1 and there exist 1 < j < m — \ and a 7^ such that 

lim A-* 770(2;) = a, 

|a:|— foo 

and hence for sufficiently large L, with error o(l)-^■Oasfc^oo, 

P (52) 
= L2j-2m / |v2J77o|da; + o(l) > CL^^ + o(l) 

for some constant C > independent of L. 

But ([5^ is incompatible with the estimate of Lemma [TU] when L and k are 
large. Hence case (i) occurs (with = 0, by radial symmetry). In particular, 
we have /g^^ (2to - l)!e2™'oda; = Ai. □ 

3 The general case 

The following gradient bound analogous to [S], Proposition 2, and generalizing 
[13j . Proposition 4.1, will be crucial in the sequel. The proof will be given in 
the next section. 

Proposition 11 There exists a uniform constant C such that 

sup inf |a; - x^^'^\''Uk{x)\V^Uk{x)\ <C for all I < £ < 2m - 1, keN. 
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Fix an index i £ {1, . . . , /} and let Xk — x^^^ x^^\ = r^'^ — ^ as given 
by Theorem [TJ After a translation we may assume that a;*^*^ — 0. Set as before 

and 

Afc(r) := / ekdx. 
J B,. 

In the following we will use the notation 

Kr) ■■= j fda, 

dB^ 

for any function /. Set also 

(Here we used Jensen's inequality.) Again we let Wk{x) :— Uk{0){uk{x) — Ufe(O)), 
satisfying 

i-Arwk = XkUkiOWe"'^ = h. 

Finally set 

Afe(r) := / efcda; < Afc(r), crfc(r) := / J^dx. (53) 

J B^ J Br 

Again Theorem [T] implies 

lim lim Ak{Lrk) — lim lim Ak(Lrk) = lim lim ak{Lrk) = Ai. (54) 

L— >-oo k^oo L— ^C30 A;— foo L— )-oo fc— >oo 

Recalling that x)^ = we let 

Pk=pr :=min{inf ^,dist(0,ai7fc)}; 

that is, we set pk = dist(0,9f2fc) if the (x^,*-*) are the only concentration points. 
Observe that by Theorem [1] we have — o{pk) as fc — > oo. 
Note that Proposition 111 I implies the uniform bound 

0< sup Mfe(x)- inf ul{x) < Cr snp \\/ul{x)\ < C (55) 

r/2<\x\<r r/2<\x\<r l^,]^^ 

for < r < pfe. 

Lemma 12 Let < e < 1 and assume that for k > ko — ko{e) there holds 

mf Uk\r) < — - — . 

0<r<pfc 2 

Let Tfe — Tk{s) < Sk — Skis) e]0,p/c] the smallest numbers such that 
Uk{Tk) = £Uk{0), Uk{Sk) = euk{0)/2, respectively. Then 

lim — = lim — — 0. (56) 
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Moreover for any b < 2 and k > ka = ko (b) there holds 



Wkir) < 61og ( — ) + C forO<r<Tk, (57) 



lim Afe(Tfe) = Ai. (58) 



and we have 



Proof. Property ((56|) follows from ((55|) and our choice of Tk and Sk ■ 

As in the proof of Lemma [?] for a given t < we decompose Wk — gk + hk 
on with 

A^/ife = in St, and gk = d.gk - ... - d^'^'gk = on as^. 

By we get the analogues of Lemma |3] and of (P^ : that is, for L > Lq = 

Lo{b), fc > fco = kd(L) there holds 

(-l)"-it"-i (t-i (t-i . . . (t-i + J) )'•••)')'< 

?n— 1 times m— 1 times 

for all t € [-^f/c, Sk]- We now inductively integrate from t to 5^ as in Lemma 2] 
Using Proposition [Til to bound 



lrli-(^ M ^fc(O) g^Z2fc(5fc)|g^Z2fc(gfc)| ^ C 



and recalling ([55)) . for L > Lq and fc > fco we get 



C 

iw;fe(i) < -t;2 = -& + o(l) for all Lrk < t < Tk, 

with error o(l) — > as fc — > oo. Since 6 < 2 is arbitrary, ((57|) follows as before. 
In order to prove ((58|) observe that the definition of gives 



m(£+l)f) 



for Lrfc < r < Tk- We then complete the proof as in the radial case. □ 
For < s < t < pk set 

Nk{s,t) := Ak{t) - Afe(s) - / Xkule"'"Ux, 

JBt\B, 

and let 

„2m— 1 -2 ^mu 



Nki.s,t) A(t) - A(s) = J c^2,n-iAfer^'"-^u^fee™'=dr < iVfe(s,t). (59) 
From (|55p we infer 

sup e™'(^) < Ce™"'('') forO<r<pfe; (60) 



a; — r 
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hence we obtain 

sup M^(a;)e™"'(^) < C(l + u^(r))e™"'M for < r < pfe. (61) 

\x\—r 

Then (j6ip impHes 

Nkis,t) < CNkis,t) + o(l) for < s < t < pk, (62) 
with o(l) — !■ as fc oo. Similarly, setting 

Pk{t) = t / Skda = t^2m-lAfei2™u2(^)gm«^,(t) < p^(^) ^ ^^^^^ 
JdBt JdBt 

we can estimate 

Pkit) < CPkit) + o(l) for < i < Pk, (63) 

with o(l) — >■ as fc — i' oo. Finally, from ((6T|) we also obtain the analogue of 
(PS)): that is, we have 

Pfe(i) < CA^fe(V2,t) + o(l) < CPfc(i/2) + o(l), (64) 

with error o(l) — > as fc — > oo. 

In particular, we obtain the following improvement of Lemma [12] 

Lemma 13 For any < £ < 1, if Tk ~ Tk{e) < pk is as in Lemma UM then 
we have 

lim AkiTk) = Ai. 

k—>oo 

Proof. Indeed 1^ and (HH) imply 

lim lim Nk{Lrk,Tk) < C lim lim Nk{Lrk,Tk) = 0, 

L—^oo fc— )-oo L—hoo k—^oo 

which together with ([5^ implies the lemma. □ 

If the assumptions of Lemma [T^] hold for any < £ < 1 we may proceed 
to resolve secondary concentrations at scales o{pk) as in the radially symmetric 
case. Indeed, by Lemmas 1121 and 1131 we may then choose a subsequence (u^), 
numbers £fc — >■ as fc oo and corresponding numbers Sk = Tk(sk) < Pk with 
''fc/sfc as fc — > oo and such that 

lim Afe(sfe) = Ai, lim lim Nk{Lrk,Sk) = 0, 

k~^oc L— >oo k—^oo 

while in addition Uk{sk) — > oo and 

lim _ — - = for every L > 0. 
fe^-oo Uk{Lrk) 

As before, by slight abuse of notation, we set = r^^\ Sk = s^^\ so that 
the analogue of (i?i) holds, and iterate. Suppose that for some integer ^ > 1 we 
already have determined numbers 

:=0<.W<.W<...<ri^)<.i^) = o(p,) 

satisfying the analogues of (-ff^.i) up to [H^^i). Similar to Lemma [S] we then 
have the following result. 
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Lemma 14 There is a constant Cq = Co (A) such that for s^j^^ < tk — o{pk) 
there holds 

ms^P.t,) <^ + Coms^i\t,) + oil), (65) 
with error o(l) — > as fc — > oo. 

(£) . . _ . 

Proof. For ease of notation we write s — sj^ . Replacing Wk with Wk in the 
proof of Lemma [5l similar to pip we find 

Nk{s,t) (\„r.^,r^^-^Mr)ekdr + o{l), 

2m Ufc(O) 

with error o(l) — > as /c — > oo, uniformly in s < Proceeding as in Lemma [SJ 
from the equation 



{t-\t-'---{t-'w',{t) )'...)')' -(-ir 



m— 1 times m— 1 times 

where is defined by (jl4p . with (Jk now given by (I53p . we get 

tw'i,it)=-t^ ti t2- - "' ''_^ dtm-l---dti+Bkit,pk), 

Jt Jti Jtm-2 ^^m-ltrn-l 

where Bk{t, pk) corresponds to the boundary terms. By arguing as in the proof 
of Lemma 2] we see that Bk is a linear combination of terms of the form 

^21+2 . 

-^pp^pldlwk{pk), 0<l <m-2, I < j <m- I. 
After multiplication with , the resulting terms can be written as 

f2'+2 _ . ._ t2/+l tUk{t) 

-^^Uk{t)p{dluk{pk) = -21+1 I- I . ... PlMpk) + l)dluk{pk)- 

Pk Pk Pk[Uk[Pk) + ^) 

But by Proposition [11] and the analogue of ([55)1 we have 

p^.iukiPk) + lWukiPk)\ < C, .,^7^^.^^,. < C. 

Pk(Uk{Pk) + lj 

Hence for t = tk — o{pk) we have ^^^^j Bk{t^ pk) ^ as fc — > cxo, and up to an 
error o(l) — >■ as /c — > c» we obtain the identity 



The rest of the proof is similar to the proof of Lemma [S] □ 

On account of l|62p and we now obtain the analogue of Lemma [SI The 
proof is the same as in the radially symmetric case. 
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Lemma 15 Let Co — Co (A) he the constant appearing in (|65p. and let tk > sf^ 
he such that for a suhsequence 

lim^=0, < lim iVfe(4^\tfe) a < (66) 



The 



lim ^ = 0, liminf Pfe(ife) > — , and lim lim Nk{sf\tk/L) = 0. 



tk 



¥OQ fc— >00 



We now closely follow 6 . By the preceding result it suffices to consider the 
following two cases. In Case A for any sequence tk — o{pk) we have 

sup Pk{t) — > as fc — >■ oo, 

s!.*'<t<tfc 



and then in view of Lemma (TS] also 



lim lim 7Vfe(4'\pfe/i) = 0, (67) 

L—^oo fc— ^oo 

thus completing the concentration analysis at scales up to o{pk)- 
In Case B for some Sj. < tk < Pk there holds 

limsupArfe(s^^',<fc) > 0, lim — = 0. 

fe^oo fe^oo Pk 

Then, as in the radial case, from Lemma [T5] we infer that for a subsequence (uk) 
and suitable numbers r^k~^^^ €]s^^\tfc[ we have 

W 

hm ^ = 0, hm Nkisi'\ri'+'^) > 0, lirnM Pk{r['+'^) > 0; (68) 

' k 

in particular, Uki^l^^^^) — > oo as fc — )■ oo. Also note that 

lim limsupiVfc(4^\4^+^Vi) = lim — = Hm — = 0. (69) 

L-s-oo k^oc k~^oo Pk fc^oo Pk 

Moreover, analoguous to Proposition [7] we have the following result, which is a 
special case of Proposition [T71 below. 

Proposition 16 There exists a suhsequence (uk) such that 

in Cfj^-^(M2'» \ {0}) ask-^oo, where 7/^^+^^ := 77(^+1) + c'^+i) solves (8), (9) 
for a suitahle constant c^^+^' . 

From Propositionlinithe desired energy quantization result at the scale r^^^^"* 
follows as in the radial case. 

If Pfe > Po > we can argue as in [TB], p. 416, to obtain numbers s^^^^^ 
satisfying 

lim lim Afe(4^+'^) = (^+l)Ai, (70) 

L— >oo k~yoo 
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and such that 

(^+1) 

hm hm (A,(4^+^)) - A,(Lri^+^')) = hm \— = hm 4^+^^ = 0, 

^k 

while Ufc(s^^^^'') — (X) as A; — )• (X). Moreover, for any L > 1 we have 

lini %J = 0. (71) 

By iteration we then establish ([70]) . (|7ip up to £ + 1 = for some maximal 
index -^o > 1 where Case A occurs and thus complete the concentration analysis 
near the point x^^\ getting 

lim Afe(po) = 4Ai. 

If Pfe — >■ as fc — >■ oo, we distinguish the following two cases. In Case 1 
for some Eq e]0, 1[ and all t G [rk'^^Kpk] there holds Uk{t) > SoUkirl^'^^^)- The 
decay estimate that we established in Lemma [T^] then remains valid through- 
out this range and (I7n|) holds true for any choice s'f'^^^ — o{pk)- Again the 
concentration analysis at scales up to o{pk) is complete. In Case 2, for any 
e €]0, 1[ there is a minimal Tk = Tk{e) £ [i^l^^^K Pk] as in Lemma \Vl\ such that 
Uk{Tk) — £'S/c(?'sf^^'). Then as before we can define numbers s^^^^-* < pk with 
Mfe(s^^^^^) — )• OO as A: — cx) SO that ([70]) . ((7T|) also hold true, and we proceed by 
iteration up to some maximal index £o ^ 1 where either Case 1 or Case A holds 
with final radii r']^°\ s'^°\ respectively. 

For the concentration analysis at the scale pk first assume that for some 
number L>\ there is a sequence {xk) such that pk/L < Rk{xk) < \xk\ < Lpk 
and 

Afe|xfe|2™M2(xfe)e'""'("^) > i^o > 0. (72) 

By Proposition [11] we may assume that \xk\ = Pk- Moreover, (|55p implies 
that dist(0, i9Slfe)/pfe — ^ oo as fc — > oo. As in [l3]. Lemma 4.6, we then have 
Uk{pk)/uk{rlf°^) — T' as fc — >■ oo, ruling out Case 1; that is, at scales up to o{pk) 
we end with Case A. The desired quantization result at the scale pk then is a 
consequence of the following result similar to [T^, Proposition 4.7, whose proof 
may be easily carried over to the present situation. 

Proposition 17 Assuming (172p . there exist a finite set Sq C M-^'" and a sub- 
sequence (uk) such that 

r]k{x) := Uk{xk){uk[pkx) - Uk{xk)) ri{x) 

in Cj^™^^(M^'" \ So) as k ^ oo, where for a suitable constant cq the function 
Vo — V + Co solves 

By Proposition [T7] in case of ([7^ there holds 

lim lim / Ckdx = Ai. (73) 



L^oo k- 



'OO 



{xen:£^<Rk(x)<\x\<Lpk] 
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Letting 

Xk,i = Xl^l = {xi''>;3C > : jx^f^ | < Cpk for all k} 
and carrying out the above blow-up analysis up to scales of order o{pk) also on 



all balls of center x^^'' £ X^^i, then from ([7T|) and ((73|) we have 



lim lim Ak{Lpk) = Ai(l + /i), 

where /i is the total number of bubbles concentrating at the points x^"'' G 
at scales o{pk)- 

On the other hand, if ([7^ fails to hold clearly we have 

lim lim sup / Ckdx = 0, (74) 

L^co fe^oo J {xen;£i-<Rk{x)<\x\<Lpk} 

and the energy estimate at the scale pk again is complete. 

In order to deal with secondary concentrations around xj^ =0 at scales 
exceeding p^, with Xk^i defined as above we let 

Pk,i = pt\ - min{ inf dist(0, 31],.)}; 

that is, we again set pk,i — dist(0, 9fife), if {j\x'"^^ ^ Xk^i} — 0. From this 
definition it follows that Pk,il pk ~> oo as k — > oo. Then, using the obvious 
analogue of Lemma 1151 either we have 



0, 



lim lim sup Nk (Lpk , 

and we iterate to the next scale; or there exist radii tk < Pk.i such that tk/pk — >■ 
oo, tk/pk.i ^ as fc "?> oo and a subsequence (uk) such that 

Pk{tk) >i^a>0 for all k. (75) 

The argument then depends on whether (j72p or (l74)) holds. In case of (l72l) . as in 
[13] ■ Lemma 4.6, the bound ([75]) and Proposition [7] imply that Uk{tk)/uk{pk) — >■ 
as fc — 0. Then we can argue as in Case A for r G [Lpk, Pk.i] for sufficiently 
large L, and we can continue as before to resolve concentrations in this range 
of scales. 

In case of ((74|) we further need to distinguish whether Case A or Case 1 
holds at the final stage of our analysis at scales o{pk)- In fact, for the following 
estimates we also consider all points xjf G xj^^\ in place of xj,*-* . Recalling that in 
Case A we have (|7ip (with index io instead of ^-|- 1) and (|57)) . on account of ([7^ 
for a suitable sequence of numbers sf\ such that sf\/ pk — oo, tk/sf\ — > oo as 
fc — oo we find 

hm lim (a(4';|)- Ai^")(Lri'"'^)) =0, 



'ex 



(i) 



where AJ: (r) and r\, " are computed as above with respect to the concentration 

point x'"^ . In part: 
quantization result 



point x'"^ . In particular, with such a choice of sf\ we find the intermediate 



lim Afc(4"i) = Ai/i 

k^oo 
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analogous to ([701. where Ii is defined as above. In Case 1 we can obtain the 
same conclusion by our earlier reasoning. Moreover, in Case 1 we can argue as 

in [13], Lemma 4.8, to conclude that Uk{tk) / Uk{Lri. " ) — )• for any L > 1 as 
fc — >■ 0; therefore, similar to ([7T|) in Case A, we can achieve that for any L >1 
we have 

lim '■ — ^^j-T — = lim ^, , — lim = lim — ^ ~ 

Uk[Lrl," ) *fc,i *fe,i 

for all cc^^'' G where Case 1 holds, similar to {H^). 

We then finish the argument by iteration. For £ > 2 we inductively define 
the sets 

Xk,i = ^2 = {x^k^;^C > : \xi''>\ < Cpk,t-i for aU k} 

and we let 

Pk,i = pt\ = min { inf dist(0, 9^!^)}; 

that is, as before, we set pk/ = dist(0, 9f2fc), if {j;x^i^^ ^ ^i-*!} — ^- Iteratively 
performing the above analysis at all scales Pk,i, thereby exhausting all concen- 
tration points x^i^\ upon passing to further subsequences, we finish the proof of 
Theorem H 



3.1 Proof of Proposition 1111 

Our proof of Proposition [11] is modelled on the proof of [5], Proposition 2. 
In fact, the first steps of the proof seem almost identical to the corresponding 
arguments in [5] . The special character of the present problem only enters at the 
last stage, where we also need to distinguish the cases £ = 1 and 2 < £ < 2m — 1 . 

Fix any index I < £ < 2m — 1 . The following constructions will depend on 
this choice; however, for ease of notation we suppress the index £ in the sequel. 

Set Rk{x) := infi<j</ \x — x^j^^l and choose points j/fc such that 

Rkiyk)ukiyk)\y'^Ukiyk)\ = supi?^Ufc|V'^Ufc| =: Lk. 

n 

Suppose by contradiction that — > 00 as fc — 00. From Theorem [T] then it 
follows that Sk ■= Rkiuk) — as fc — >■ 00. Set 

Qk ■= {y; Vk + SkV e 17} 

and let 

Vk{y) ■■^Uk{vk + Skv), yGVLk- 
Observe that for 1 < j < m via Sobolev's embedding from ([3]) we obtain 

||V^z;fe|Pa^ < C||V™«fc||i.(o.) = ^ / «fe(-A)™t,,dx < C. (76) 
1^ ^ (S'fe) Jcik 
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Also let 

Sk 

and set 

Sk:={yl:^;l<i<I}. 



Clearly then we have 

dist(0,5,)= inf lyf 

1<2</ 

and 



sup (dist(j/,5fe)V(y)|V^«fe(y)|) = i'fe(0)|V%fe(0)| = Lfe ^ cx) (77) 

as fc — >■ cxD. Moreover ([7]) implies 

0<„.(-A)"X = A.«e-S<5-j^. ,78) 

Since linifc^cxD Sfe = 0, we may assume that as fc — > oo the domains 51^ 
exhaust a half-space 

17o =R^""^x] -oo,i?o[, 

where < -Rq < oo. We may also assume that either lim/j_>.oo IVk'^l = oo or 
lim/j^oo y[''' = y*'*' , 1 < * < ^, and we let So be the set of these accumulation 
points of Sk, satisfying dist(0, Sq) ~ 1. For R > denote 

KkM ■■= ^k n BRiO)\ y B,/ij{y). 

y&So 

Observing that \kS^ — >■ 0, from (|78l) we obtain that 

lim ||A"i)fe||ioo(^^^) =0 for every i? > 0. (79) 

fc— foo 

Lemma 18 We have Rq — oo, hence = M^™. 

Proof. Suppose by contradiction that Rq < oo. Choosing R — 2Ro and observ- 
ing that by ([2]) for < j < £ < 2m — 1 we have dlvl = on d^k, from Taylor's 
formula and (|77|) we conclude 

sup < C = C(i?). 

Letting Wk :— , , we then have < Wk < C on Kk r. Using ([76| . 

Sobolev's embedding, ((77)) and ([7^ we infer 

||Vwfc||i2™(n,) + ||V^Wfc||i™(o,) -f ||A'"wfe||ioo(^^ ^) ^0 as /c ^ oo. 

Since dlwk — on dQ.k for < j < m — 1, it follows from elliptic regularity 
that Wfc — in Cj^™~"^'"(i^fe «) for < a < 1, contradicting the fact that 

«;fe(0)|W(0)| = 1. ' □ 
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Lemma 19 As k ~> oo we have Vk{0) — > oo and 



vk{0) 

Proof. First observe that 

Cfc := sup Wfc — > oo as fc — > oo. 

-Bl/2 

Indeed, otherwise ([75]) . ([75]) and eUiptic regularity would contradict ([77|) . Let- 
ting Wk :— from ([75)) and (17^ for any i? > we have 

||Vwfc||L2™(nfc) + ||V^Wfc||L™(nfc) + \\A"^Wk\\L°°{K^^a) ^0 as fc ^- cx), 

whence Wk w = const in C;^7-^'"(]R2™\5'o). Recalling that dist(0, 5*0) = 1, 
we obtain 

w = sup u; — lira sup Wfe = 1. 

In particular we conclude that = Wfe(O) 1 as fc — > 00 and therefore 

vk{0) = CkWkiO) ^ 00, ^ = ^ ^ 1 in Cf;r''"(I»'"\^o), as claimed. □ 

For the final argument now we need to distinguish the cases £ = 1 and 
2 < £ < 2m — 1. Consider first the case £ — 1. Set 

"'^^^^ •= |v..(o)| ■ 

From ([77]) and Lemma [12] we infer 

I , „ VkjO) vkiy)\'^vk{y)\ ^ 1 + 0(1) , . 

' «fe(y)«fe(0)|V«,(0)| - dist(y,5o)' ^ ^ 

with error o(l) ^ in Cf;;;'"^'"(]R2™\S'o) as fc ^ 00. Since 5^(0) = 0, from §^ 
we conclude that iik is bounded in C^{Kk,R) for every R > 0, uniformly in k. 
Moreover, ([78| and Lemma [191 give 

Wfe Vk(0)\yvk[0)\ LkVk 

uniformly on Kk.Ft, as fc — ?> 00, for any i? > 0. The sequence Vk then is bounded 
in Ci^™~^'"(M^™\S'o) for any a < 1, and by Arzela-Ascoli's theorem we can 
assume that Ufc — > t; in C;™"^'"(R2™\5o), where i satisfies 

A"i) = 0, S(0) = 0, |V«(0)H1, |Vf}(^)| < / (82) 

dist(y,6o) 

Fix a point G 5*0- For any r e]0, dist(xo, S'o\{a;o})/2[ let € C^(i?r(a;o)) 
be a function < (/? < 1 such that <p = 1 in 5^/2(2^0), and satisfying |V^Vl ^ 
Cr~^ for < j < TO. Integration by parts yields 

{V^vk ■ VA"-i«fe + >fVkA'^Vk)dx 
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Again integrating by parts m — 1 times, we obtain 

/ = (-1)" / V d'^i^Vvk) ■ Vd^vu dx, 

SO that by Holder's inequality and (1751) this term may be bounded 
\I\<C V r^-'" / \W^Vk\\V'^Vk\dx 



l<j<m 



<C ^ ||V^'t.fc||^2^||V™«fe|U2 <C7. 

Similarly, we have 



'L 



< / ipvk{-A)"'vk dx < C, 

JbAxo) 



and from (1551) we conclude the bound 



/ V(^wfc • VA™-iwfcdx < C. (84) 

Observe that V(p = in B^/2{^o)- By Lemma IT51 therefore the integral on the 
left-hand side equals 



/ VifVk ■ VA"'~^Vkdx 

Jb^{xo) 



(l + o(l))wfc(0)|Vwfc(0)| / • VA^-i^fcdx 

JBAxo) 

-(l + o(l))z;fc(0)|Vi.fc(0)| / ^A"{)fcdx. 

Jb^(xo) 



Since (-A)™Cfe > 0, it follows that 



C 



B^,,{xo) i^fc(0)|Vi;fe(0)| 



oo. 



Recahing dH]), we infer that A^Wfc -> in ^^^^(R^™). Therefore A^w = 
in K^'". Since from (|82]) we have < C(l + |?/|) for ?/ £ R^m^ ^^g^y 

now invoke a Liouville-type theorem as in [7|, Theorem 5, to see that i; is a 
polynomial of degree at most 2m — 2 if to > 1 and of degree at most 1 if m = 1. 
But then (15^ implies that C = 0, contradicting the fact that |V'Dfe(0)| = 1. This 
completes the proof in the case I = \. 
In the case when 2<£<to— Iwe set 

~ , ^ vk{y) -vk{0) 

As shown above we have 

dist{y, Sk)vkiy)\Vvkiy)\ < C sup Rkix)ukix)\Vukix)\ < C; 

xeci 
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hence Lemma [TOl implies with error o(l) — > in "'^'"(R^™\5o) as fc -> cxi 

that 

1^- I ^ C{l + o{l)) ^ C(l + o(l)) ^ „ 

'"^ " - i;fc(0)|V^«fe(0)|dist(2/,5o) L,.dist(2;,5o) ^ ^ 

Notice that this is stronger than its analogue ((80|) . As in the case ^ = 1 wc have 

uniformly on iffc,fl as A: — ^ cx), for any i? > 0, hence Wfe — > w in Cj^™~^'"(R^'"\S'o), 
where "D satisfies 

A™{) = 0, S(0)=0, |V'^w(0)| = l. 

On the other hand (|85|) implies V-D = 0, contradiction. This completes the 
proof. □ 



Appendix 

We collect here some technical results used in the above sections. The proof of 
the following proposition can be found in [7 , Prop. 4. 

Proposition 20 Let A"ft, = m C R". For every 0<a<land£>0 
there is a constant C'{£,a) independent of h such that 

\\h\\ci^.^B,)<C{£,a)\\hU.^B.y 

By a simple covering argument Proposition [^D] can be extended to the case 
of annuli. 

Proposition 21 Let A™ft. = in B2l(0)\Bi/2l(0) C K" for some L>1. For 
every < a < 1 and £ > there is a constant C — C{£, a, L) such that 

ll^llc*>"(Bi,(0)\Si/_f,(0)) < C'II^IUi(B2i,(0)\Si/2i,(0))- 

Lemma 22 Let g e C°°(Bt), where Bt = Bt{0) C M" for some n e N, i > 0. 
Assume that g is radially symmetric and satisfies 

g = d^g = ...= d'^-^g = on dBf (87) 

Then 

I f^-^d^'gda^ j t2--- \J I A"'gdx]dt^...dt2. (88) 

JdBt Jo Jo V"'St,„ / 

Proof. For m = 1 equation (|88p simply reduces to 

d^gda^ / Agdx. (89) 

dBt JBt 

For m = 2 consider the function ^p{x) ~ x ■ V g{x) with 

/ d^ipda^ / Aifdx^ A{x-'^g)dx^ / {x ■ V Ag + 2Ag)dx 

JdBt JBt JBt JBt 
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and note that the condition d^g — on dBt and imply 

/ dy(pd(T— I d^{x-Vg)d(j~ / td^gda, and / Agdx = 0. 

JdBt JdBt JdBt JBt 

Thus from Fubini's theorem we obtain the desired identity 



tdtgda^ I x-VAgdx 

dBt JBt 



/ tsf / d,.Agdo)dt2^ f 12(1 A^gdx\dt2. 

Jo \JdBt^ / Jo / 



We now proceed by induction. Assume that the lemma is true for m — 1. 
Choosing ip{x) = x ■ Vg{x) with 

if = d^ip = ... = = on dBt 

we get 

/ t'^-^dl'^gdcT = [ t'^-'^d'^-\td^g)da = [ t"'-'^d'J'-\x ■ V g)da 

JdBt JdBt JdBt 

A"^-\x ■ Vg)dxdUn-i ■■.dt2 =: /. 









■ / tm-l 


/o 


Jo J B, 



Observe that A™-i(a: • V5) = a; • VA^-^g + 2(m - l)A'^-ig, hence 
1= t2- - t,n-i / {x-\7A"'-^g)dxdt,n-i...dt2 

Jo Jo J Bt^^_^ 

+ 2{m~l) t2-- t^-i A"'~^gdxdt,n-i-.-dt2 

Jo Jo J Bt^_-^ 

= 11 + III. 

By inductive hypothesis and (j87p the contribution from the second term is 
/// = 2(m - 1) / t'^'-'^d'l'-^gda = 0, 

JdBt 

and our claim follows from writing 

x ■ VA^-igdx d^A'^-^gdadtm 

t^-. (90) 

tm / A"'gdxdtm. 
"'St,„ 



□ 



Lemma 23 Let u € C°°(R") n for some p> 1, satisfy A^u = for 

some integer j > 0. Then zi = 0. 
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Proof. We first claim that 



lim -f udx = 



for every ^ G M". Indeed by Jensen's inequality 

J udx < j- \u\dx<(^ j- \uY'dl^ < -^i^||M||ip(R„) 0, 



as i? — > oo. By Pizzctti's formula (see [TO]) we have constants ci, . . . , Cj_i such 
that 

j udx ^ u(0 + cii?2Aw(0 + • • • + c^_ii?2J-2AJ-iu(0 =: 

BrU) 

Taking the limit as i? — > oo we see at once that the polynomial P{R) is iden- 
tically 0, and in particular u(^) = P(0) = 0. Since ^ was arbitrary the proof is 
complete. □ 



Lemma 24 There holds 

cap^™({0}) = infjllWIU^; e X} = 0, 

where 

X = {ip(^ C^{Bi{Q)): < <y9 < l,3r > : ip{x) = 1 /or |a;| < r}. 

Proo/. Let/(a;) = log log log(l/|a;|) with V™/ € L2(5^_^(q)) and fix g e C°°(]R) 
with < 5 < 1 satisfying (7(5) = for s < 0, ^(s) = 1 for s > 1. Letting 

iPk{x)-^g{f{x) -k), ke N, 

wc find (fk G X for all k and ||V"Vfe||L2 — > as A; — > cxi. □ 
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